In this paper, we present a model which exhibits two identical Ξ-type three-level atoms interacting with a single-mode field with k-photon transition in an optical cavity enclosed by a Kerr medium. Considering full nonlinear formalism, it is assumed that the single-mode field, atom-field coupling and Kerr medium are all f -deformed. By using the adiabatic elimination method, it is shown that, the Hamiltonian of the considered system can be reduced to an effective Hamiltonian with two two-level atoms and f -deformed Stark shift. In spite of the fact that, the system seems to be complicated, under initial conditions which may be prepared for the atoms (coherent superposition of their ground and upper states) and the field (coherent state), the explicit form of the state vector of the entire system is analytically obtained. Then, the entanglement dynamics between different subsystems (i.e. "field-two atoms", "atom-(field+atom)" and "atom-atom") are evaluated through appropriate measures like von Neumann entropy, tangle and concurrence. In addition, the effects of intensity-dependent coupling, deformed Kerr medium, detuning parameter, deformed Stark shift and multi-photon process on the considered entanglement measures are numerically analyzed, in detail. It is shown that the degree of entanglement between subsystems can be controlled by selecting the evolved parameters, suitably. Briefly, the Kerr medium highly decreases the amount of different considered measures of entanglement, especially for two-photon transition. This destructive effect preserves even when all other parameters are present, too.
I. INTRODUCTION
Entanglement is an important aspect of quantum systems which demonstrates correlations that cannot be discussed classically [1] . This quantity plays a central role in many fields of research such as quantum computation [2] , quantum information processing [3] , quantum dense coding [4] , sensitive measurements [5] , quantum telecloning [6] and entanglement swapping [7] . Various theoretical efforts have been devoted to the classification and quantification of the entanglement. Although, the existence of entanglement between subsystems has experimentally been illustrated in different optical setups. For instance, the atom-field entangled states have been generated through a single atom interacting with a mesoscopic field in a high-Q microwave cavity [8] . In addition, quantum entanglement has been generated with transmitting two atoms in the cavity at the same time [9] or two atoms interacting successively with the cavity field [10] . In this respect, a lot of schemes consist of trapped ions [11] , quantum dots [12] , cavity QED [13] , crystal lattices [14] , atom-photon entanglement [15] and so on have been proposed to generate the entanglement. It may be noted that the latter case is theoretically proposed by the well-known Jaynes-Cummings model (JCM) [16] [17] [18] [19] [20] .
The JCM [21] describes the interaction between light and matter, is the simplest fully quantum-mechanical model which gives a formalism for a two-level atom interacting with a quantized radiation field in the rotating wave approximation (RWA). In order to expand and modify this model, many generalizations such as intensity-dependent coupling [22] [23] [24] , multi-level atom [25] [26] [27] [28] , multi-photon transition [29, 30] , multi-atom interaction [31, 32] , multi-mode field [33] [34] [35] , Kerr nonlinearity [36, 37] etc have been reported in recent decades.
For instance, the intensity-dependent JCM was first suggested by Buck and Sukumar [22, 38] and was then used by others [39] [40] [41] [42] . In detail, dynamical behavior of the JCM beyond the RWA has been studied in [43] in which the effect of the counter-rotating terms on some of the nonclassicality features has been examined. Nonclassical properties of a Λ-type threelevel atom interacting with a single-mode field in an optical cavity with intensity-dependent coupling including a medium with Kerr nonlinearity in the presence of the detuning parameters have been studied by one of us [44] . More recently, by considering the full nonlinear interaction between a two-level atom with a single-mode field, atomic population inversion as well as entropy squeezing of k-photon JCM in the presence of intensity-dependent Stark shift and deformed Kerr medium including time-varying atom-field coupling has been discussed by us [45] . As a more notability of the nonlinear JCM, it is instructive to state that, the ability of the nonlinear JCM in generating a class of SU(1, 1) coherent states of the Gilmore-Perelomov type and also SU(2) group was shown by one of us [46] . In addition, as a results of a system in which a two-level atom interacts alternatively with a dispersive quantized cavity field and a resonant classical field, a theoretical scheme from which the nonlinear elliptical states can be generated is recently proposed [47] .
From another point of view and in direct relation to the present work, it is shown that, based on the JCM (and of course its generalization), atom-field entangled state may be generated.
For instance, temporal behaviour of the von Neumann entropy of the nonlinear interaction between a Λ-type three-level atom and a two-mode cavity field in the presence of cross-Kerr medium and its deformed counterpart [48] and detuning parameters has been studied in [49, 50] . As another case, the amount of the degree of entanglement (DEM) between a three-level atom in motion interacting with a single-mode field in the intensity-dependent coupling regime is evaluated in [51] . The effects of mean photon number, detuning parameter, Kerr-like medium and various atom-field couplings on the DEM of the interaction between a Λ-type three-level atom with a two-mode field have been studied in [52] .
From another perspective of this field of research, multi-photon JCM may be considered.
Multi-photon process is of great attention in atomic systems since it leads to high degree of correlation between emitted photons resulting in the nonclassical behavior of emitted light [53, 54] . The importance of multi-photon transition becomes more visible when the Stark shift is taken into account. For instance, in two-photon JCM, a single-mode cavity field interacts with a two-level atom through an intermediate state containing emission or absorption [38] . It worth to be noted that, when the two atomic levels are coupled with comparable strength to the intermediate level, the Stark shift becomes considerable and cannot be ignored [55, 56] . In this respect, by applying the adiabatic elimination method for the intermediate level(s) of a multi-level atom (such as three-or four-level one), the effective Hamiltonian containing a two-level atom together with the Stark shift is obtained [57, 58] . On the other hand, under particular circumstances, a multi-level atom interacting with a single-mode or multi-mode quantized field can be identified as a two-level system with Stark shift through the adiabatic elimination method [45, 59, 60] . We would like to recall that, the Stark shift is usually appeared in, at least, two-photon transition [55, 56] .
In this paper, we are going to outline the interaction between two three-level atoms (considering in the Ξ-type configuration) and a single-mode field with multi-photon transition in the presence of Kerr medium and detuning parameter. Taking nonlinear coherent states formalism into account, the single-mode field, atom-field coupling and Kerr medium are considered to be f -deformed. After considering all existing interactions appropriately in the Hamiltonian model of the entire atom-field system, it is found that, by applying the adiabatic elimination method, the introduced model can be reduced to a system with effective Hamiltonian containing two two-level atoms and Stark shift effect. Then, the explicit form of the state vector of the whole system is exactly obtained by the time-dependent Schrödinger equation which clearly possesses the entanglement properties. So, briefly speaking, the main goal of this paper is to study individually or simultaneously the effects of deformed Stark shift, intensity-dependent coupling, deformed Kerr nonlinearity, detuning parameter and multi-photon process on the dynamics of entanglement between subsystems. For this purpose, the amount of the DEM between subsystems by evaluating von Neumann reduced entropy, tangle and concurrence are presented numerically.
II. PHYSICAL MODEL
In quantum mechanics, the wave function of a physical system shows all possible information about the system. So, in the first step to analyse the system, the explicit form of the state vector of the system should be obtained. To achieve this purpose, it is necessarily required to understand all interactions which affect on the system through which one can perform the appropriate Hamiltonian. Then, with respect to the obtained Hamiltonian and also considering the (time-dependent) Schrödinger equation or other suitable approaches [61] , the dynamical behaviour of the state vector of the whole system can be determined.
So, let us consider a model consist a single-mode field oscillating with frequency Ω which interacts with two Ξ-type three-level atoms in the optical cavity surrounded by a Kerr medium in the presence of detuning parameter (see figure 1 ). In the considered atomic system, the atomic levels are indicate as |e , |i and |g with energies ω e , ω i and ω g (ω e > ω i > ω g ), respectively. Also, only the transitions |e ↔ |i and |i ↔ |g are allowed in the electricdipole approximation [61] . So, the Hamiltonian containing all existing interactions that describe dynamics of the considered quantum system in the rotating wave approximation can be written aŝ
where g i (i = 1, 2) refers to the coupling constants, k indicates multi-photon process, χ shows dispersive part of the third-order nonlinearity of the Kerr medium andσ ij denotes the atomic ladder operator which is defined byσ ij = |i j| (i, j = e, i, g). Also, the operatorsÂ =âf (n)
†â are respectively the nonlinear (f -deformed) annihilation and creation operators, which satisfy the following communication relations:
In these relations, f (n) is a Hermitian operator-valued function responsible for the intensity-dependent function. To proceed further, we define the detuning parameters in the form ∆ 1 = kΩ − (ω i − ω g ) and ∆ 2 = kΩ − (ω e − ω i ), and assume that ∆ 1 = −∆ 2 = δ (the adiabatic elimination condition). Now recalling the adiabatic elimination method [56, 62] , the effective Hamiltonian describing the system reads as follows:
where
2 2 /δ correspond to the parameters related to Stark shift and
gg and ω = ω e − ω g . It is obvious that the above Hamiltonian in the absence of Stark shift and Kerr medium corresponds to the generalized JCM for 2k-photon transitions. By considering ∆ = ω − 2kΩ, the Hamiltonian (3) can be rewritten in the following form
It is instructive to emphasis on the fact that, the fourth term in the above Hamiltonian shows the f -deformed Stark shift which means that the energy shifts of the atomic levels |e and |g depend on the intensity of light. Anyway, according to the Hamiltonian in (5), we are dealing with the effective Hamiltonian which describes two two-level atoms interacting with a single-mode field in the presence of f -deformed Kerr medium and intensity-dependent coupling with multi-photon process and also 'nonlinear' Stark shift. Now, keeping in mind all terms of the Hamiltonian in (5) together with paying careful attention to the allowable transitions, one may consider the wave function |ψ(t) at any time t > 0 in the form
where A, B and C are the atomic probability amplitudes which have to be evaluated, and
. Now, by substituting |ψ(t) from equation (6) and
one may arrive at the following coupled differential equations for the atomic probability
where the dot sign refers to the time differentiation and we have defined
By setting C = e iµt and substituting it into equation (8) the following third order algebraic equation may be obtained
Equation (10) has generally three different roots which are given by [63] 
Consequently, coefficient C should be considered as a linear combination of e iµmt , that is,
Now, by inserting (13) into (8) and after straightforward calculations one may find the probability amplitudes in the forms:
where b m may be evaluated by applying the initial conditions for the atoms and field. To reach this goal, suppose that the atoms enter the cavity in the coherent superposition of the exited (|e, e ) and ground (|g, g ) states, i.e.,
|Ψ atoms (t = 0) = cos(θ/2)|e, e + sin(θ/2)|g, g .
It is worthwhile to mention that, arbitrary amplitudes of the initial state of the field such as thermal, number, coherent or squeezed state can be considered. However, because of the fact that coherent state (the laser field far above the threshold condition [61] ) is more accessible than other typical field states, we assume that the field initially to be in a standard coherent state with mean photon number |α| 2 as
By applying these initial conditions for atoms and field and using equation (14), the b m coefficients read as
where µ mk = µ m − µ k . Consequently, the probability amplitudes A, B and C are precisely derived. At last, it should necessarily be noticed that, choosing different nonlinearity functions clearly leads to different Hamiltonian systems and so different physical results may be achieved. In the present model, we select the particular deformation function
This function is a favorite function for the authors who have worked in the nonlinear regimes of atom-field interaction (see for instance [64, 65] ). As a physical motivation of choosing this nonlinearity function, it is valuable to state that, Fink et al have discovered a physical system in which this special nonlinearity function is naturally appeared [66] . Anyway, in the next section, the DEM between different subsystems is numerically examined by evaluating suitable entanglement measures.
III. QUANTUM ENTANGLEMENT
The entanglement connected to a multipartite system indicates the joint information between the subsystems. The DEM between subsystems corresponds to the nonlocal information in the system, so that the higher order of DEM is proportional to less information about the subsystems [67] . Since the atom-field interaction is usually regarded as a simple way to produce the entangled states, it is valuable to examine the amount of entanglement between subsystems (here the two atoms and the field as a tripartite system). To achieve the latter purpose, as a few measures leading to the amount of the DEM we may refer to, for instance, von Neumann entropy and relative entropy [68] , linear entropy [69] , entanglement of formation [70] , concurrence [71] , negativity [72] and tangle [73] . So, in this section, the amount of DEM between different subsystems such as atom-field through von Neumann reduced entropy, "atom+field"-atom via tangle and atom-atom by concurrence will be evaluated numerically.
For evaluating these entanglement measures, the reduced density matrix of the two atoms (for von Neumann reduced entropy and concurrence) and the reduced density matrix for one of the atoms (for tangle) are required. At any time t > 0 the reduced density matrix of the two atoms for the considered system is given by:
with the matrix elements
A(n + 4k, t)C * (n + 4k, t)e 2iℜ 2 ,
B(n + 2k, t)B * (n + 2k, t),
Also, the reduced density matrix of the first atom (A 1 ) can be obtained by tracing equation (18) over the second atom (A 2 ) as follows:
where y 11 (t) = ρ 11 (t) + ρ 22 (t), y 12 (t) = ρ 12 (t) + ρ 24 (t) and y 22 (t) = ρ 22 (t) + ρ 44 (t). A. The entanglement between "the two atoms" and "the field": von Neumann entropy It is shown that, for any multipartite quantum system that is described by a pure state, the quantum entropy is a suitable measure to obtain the DEM between subsystems [15, 74] .
The considered system is made by three entities: two atoms and a single-mode field. Now, before studying the entanglement between them, it is required to pay attention to the important theorem of Araki and Leib [75] . They showed that for a bipartite quantum system, the entropy of system and subsystems (here atoms and field) at any time t are limited to the triangle inequalities |S A (t) − S F (t)| ≤ S AF (t) ≤ |S A (t) + S F (t)|, where S AF shows the total entropy of the system and the subscripts 'A' and 'F' refer to the atom and field, respectively. As a consequence of this inequality, if the system starts from a pure state (as we have considered), the total entropy of the system is zero and remains constant. This means that at any time t > 0, the atomic and field reduced entropies are equal, that is, [76, 77] . Consequently, we only need to evaluate the reduced entropy of the atom/field, in order to obtain DEM. According to the von Neumann entropy, the reduced entropy of the atom (field) is defined through the corresponding reduced density operators by
whereρ A(F ) (t) = Tr F (A) (|ψ(t) ψ(t)|). It is preferable to use the basis in which the atomic density matrix is diagonal. So, the equation (22) can be rewritten in the form
where λ j , the eigenvalues of the reduced density matrix of the two atoms, are given by the Cardano's method as [63] 
with
and
where ρ ij (t) are the elements of the reduced density matrix of the two atoms that have been introduced in equation (19) . As the first measure of DEM between the two atoms and the field, the time evolution of the field entropy has been plotted in terms of the scaled time gt in figure 2. B. The entanglement between "one atom" and "the reminder of the system":
tangle Tangle is a good measurement of entanglement which describes the correlation between subsystems of a multipartite quantum system. At first, this measure was defined in terms of concurrence for two qubits [78] . This definition was extended to obtain an analytical form of the tangle for a bipartite system in a pure state |ψ AB with arbitrary dimensions
which is given by [79, 80] D 2 ). Any way, because of the symmetry in the considered system (two identical two-level atoms and a single-mode cavity field), we examined the entanglement between one atom and the reminder of the system by using of tangle measure. By considering A 1 , A 2 and F as labels of the first atom, second atom and the field, respectively, the tangle reads as
where τ A−B shows the DEM between bipartite A and B and ρ j is the reduced density matrix for the j th party, which can be obtained by using of density matrix for the whole system (equation (21)). It ought to be mentioned that in the case defined in (28), the tangle is limited to the inequality 0 ≤ τ A 1 −A 2 F ≤ 1.
We have plotted figure 3 for studying the DEM between the first atom and the reminder of the system (τ A 1 −A 2 F ) by considering the same chosen values have been used in figure 2. As may be seen the behaviour of this measure is qualitatively the same as figure 2, even though not exactly quantitatively. However, as is expected the upper bound of this criterion which measures the entanglement between the first atom with the second atom and the field is 1.
C. The entanglement between the two atoms: concurrence
The main goal of this subsection is to investigate the DEM between two atoms that the corresponding state is mixed. It is valuable to mention that, two-atom entangled states have experimentally been reported by considering ultra cold trapped ions [81] and cavity QED schemes [82] . Concurrence and negativity are the suitable measures for studying the DEM between the atoms [83] . Here, we examine the temporal behaviour of the concurrence. This quantity for a pair of qubits (A and B) with density matrix ρ AB that can be mixed or pure, is given by [70, 78] 
where λ j are the square roots of the eigenvalues of the operatorρ AB ρ AB , in whichρ AB
showing the "spin-flipped" density matrix, which is defined bỹ
with ρ * AB as the complex conjugate of ρ AB . Since, we are going to study the dynamics of entanglement between the two atoms, in the present formalism, ρ AB replaced by ρ A 1 A 2 exhibiting the reduced density operator of the atoms (equation (18)).
In figure 4 , we present our numerical results of the concurrence for measuring the entanglement between the two atoms for different chosen parameter similar to figures 2 and 3.
Comparing all plots in this figure it is seen that, in the absence of all parameters the difference between k = 1, k = 2 are negligible. Adding detuning to both cases decreases the concurrence as time goes on, however, this will be faster for the case of four-photon transition ( figure 4(b) ). The effect of Kerr medium is shown in 4(c). This nonlinearity causes a critical decrease in the value of concurrence, especially for the two-photon transition. While the effect of Stark shift is again a decrease in the considered criterion, in contrast to the latter case, the decrease will be higher for the four-photon case ( figure 4(d) ). Figure 4(e) is similar to 4(c). Also, the entanglement sudden death and birth [84, 85] 
IV. SUMMARY AND CONCLUSION
In this paper we have studied two Ξ-type three-level atoms interacting with a singlemode field with multi-photon process in an optical cavity containing a Kerr medium in the presence of intensity-dependent coupling and detuning parameter. By applying the adiabatic elimination method, we found that, the Hamiltonian of the system can be reduced to the effective Hamiltonian containing two two-level atoms and Stark shift effect. Next, after finding the explicit form of the state vector of the whole system analytically, the effects of intensity-dependent coupling, detuning parameter, Kerr nonlinearity, multi-photon transition and Stark shift on the temporal behaviour of the well-known entanglement criteria have been numerically investigated. For this purpose, the time evolution of the von Neumann reduced entropy (for studying the entanglement between the atoms and field), the tangle (for investigating the DEM between one of the atoms and the other subsystems) and concurrence (for evaluating the atom-atom entanglement) have been examined, in detail. Briefly, the main results of the paper are as follow.
Summing up, the amount of entanglement between subsystems can be controlled appropriately through entering the considered physical parameters. The numerical results related to the field entropy and tangle (figures 2 and 3) show that for k = 2 (four-photon transition), the presence or absence of all or a few of the considered effects (detuning parameter, Kerr medium and Stark shift) have no significant role on the amount and behavior of the entanglement measures. In these cases, it is found that, the amount of DEM remains around the maximum mean value when the time proceeds. In the case k = 1, the maximum value of DEM is attained when all parameters are absent. Also, the existence of the detuning or Stark effect may causes a little reduction in the DEM, however, in the presence of Kerr nonlinearity, as well as all three parameters containing the kerr effect, the DEM is drastically decreased.
Different features of the temporal behavior of concurrence (figure 4) may be observed when the related numerical results are compared with two previous measures (tangle and entropy).
It is shown that, for both k = 1 and k = 2, the absence of all parameters leads to the maximally atom-atom entangled state. Furthermore, the existence of considered parameters may individually and simultaneously reduce the DEM between the atoms. In these cases the entanglement sudden death and birth have been observed. In detail, the numerical results of concurrence for k = 1 indicate that, the presence of Kerr medium and also simultaneous effects of Kerr medium, Stark shift and detuning parameter decrease the amount of DEM, considerably. It may be noted that, the reduction of the DEM for k = 2 is less than for the case k = 1. Moreover, with constant coupling (f (n) = 1) and by using the parameters in Refs. [62, 86] our numerical results successfully recover the results in Refs. [62, 86] in the case of two-photon transitions (k = 1).
